Abstract. Lifting is a procedure for deriving valid inequalities for mixed-integer sets from valid inequalities for suitable restrictions of those sets. Lifting has been shown to be very effective in developing strong valid inequalities for linear integer programming and it has been successfully used to solve such problems with branch-and-cut algorithms.
neering and science problems, e.g., signal processing, portfolio optimization,
13
support vector machines, are formulated with conic quadratic constraints 14
[9]. We refer the reader to Ben-Tal and Nemirovski [5] for in-depth lecture 15 notes on continuous conic optimization.
16
Due to the growing demand for solving conic quadratic integer programs,
17
commercial optimization packages, such as CPLEX and Mosek, already offer 18 branch-and-bound solvers for conic quadratic integer programs. However,
19
these solvers are currently far from being able to handle large-scale conic 20 quadratic integer programs, and much work is needed to make them nearly 21 as effective as their counterparts for linear integer programs.
22
Although there is a wealth of literature on linear and quadratic inte-23 ger programming, and more generally on global optimization, research on 24 conic integer programming is so far limited. Ç ezik and Iyengar [7] give 25 Chvátal-Gomory and disjunctive cuts for conic integer and conic 0- Let us consider a conic mixed-integer set
where A i is an m × n i matrix, b ∈ R m , and C ⊆ R m is a proper cone, i.e., closed, convex, pointed cone with nonempty interior, and each X i is a 36 mixed-integer set in R n i . We assume that 0 ∈ X i for all i = 0, . . . , n.
37
We are interested in deriving conic valid inequalities for S n (b), from conic Starting from valid inequality (1) for the restriction S 0 (b), our goal is to 10 iteratively compute (matrices) F 1 , . . . , F i such that the lifted inequality
is valid for S i (b) for i = 1, . . . , n. Toward this end, for conic inequality (2)
13
we define a lifting set below. We use (F i , h) to denote the intermediate ing to inequality (2) be
The lifting set
computing F i+1 as shown in the sequel.
with recession cone −K.
23
Proof. Convexity of Φ i (v) follows from the convexity of K. Also, for any
t be a ray of the recession cone. Then, for any d
27
Taking inner product with y ∈ K * , we see that αt y
for all α ∈ R + , which implies that t y ≤ 0. Hence, t ∈ −K.
29
Proposition 2. 0 ∈ Φ i (0) for all i = 0, . . . , n.
30
Proof. Immediate from the validity of (2) for S i (b).
31
Proposition 3. Φ i+1 (v) ⊆ Φ i (v) for all v and i = 0, . . . , n − 1. 
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The next proposition describes the set of valid lifting matrices F i+1 based 1 on the lifting set Φ i corresponding to the intermediate lifted inequality
Proof. Suppose that the condition is satisfied. Then, it immediately fol-6 lows from the definition of
versely, suppose that there exists somex i+1 ∈ X i+1 such that
which implies that (F i+1 , h) is not valid for S i+1 (b).
11
A recursive relationship between lifting sets, which is used in the next 12 section, follows from Definition 1.
13
Proposition 5. Given Φ i and F i+1 for i = 0, . . . , n − 1, Φ i+1 can be com-14 puted recursively as
Proof. From the definition of Φ, we have 
9 where W = {w : Φ 0 (w) = ∅}, is superadditive.
trivially. Otherwise, suppose for contradiction that α ∈ Ψ(u) and β ∈ Ψ(v),
12
but α + β ∈ Ψ(u + v). Then, there exist a w and π ∈ Φ 0 (w) such that
However, because β ∈ Ψ(v), we must have
that α ∈ Ψ(u). A contradiction with the choice of α.
16
The next theorem implies that Ψ is contained in any lifting set, indepen-17 dent of the lifting order.
18
Theorem 2. The parameterized set Ψ is a subset of the last lifting set; that
Proof. It follows from Proposition 5 that
where the inclusion follows from
of the lifted inequality (F n , h) and from the definition of Ψ by taking w =
26
Corollary 1. The parameterized set Ψ is a subset of all lifting sets; that is,
Proof. Follows from Proposition 3 and Theorem 2. then (F n , h) is a lifted valid inequality for S n (b) whenever F i t ∈ Ω(A i t) for 7 all t ∈ X i and i = 1, . . . , n.
8
Proof. From the assumptions of the proposition, for any x ∈ S n (b), we have
Corollary 3. If Φ 0 is superadditive, then (F n , h) is a lifted valid inequality 12 for S n (b) whenever F i t ∈ Φ 0 (A i t) for all t ∈ X i and i = 1, . . . , n. 4. An illustrative application
14
In this section we illustrate sequence-independent conic lifting for a conic 
18
Consider the conic quadratic mixed 0-1 set
20
We should point out that given a high dimensional second order conic con- If necessary, by complementing the binary variables, we assume that a > 1 0. Fixing x i = 0, i = 1, . . . , n, we arrive at the restriction
where we assume without loss of generality that a 0 = 1. The continuous 4 relaxation if S 0 has the unique extreme point (β, 0, 0), which is fractional 5 for x when 0 < β < 1. This fractional extreme point is cut off by the conic
Indeed, Atamtürk and Narayanan [4] show that adding inequality (4) to the 9 continuous relaxation of S 0 is sufficient to describe conv(S 0 ).
10
Our goal in this section is to lift the conic quadratic inequality (4) for S 0
11
to a conic quadratic inequality of the form
13 that is valid for S.
14 Now, letting b = (−β, 0, 0) , let us write S in matrix form
as in Section 2. We will compute the lifting set Φ 0 (v) corresponding to (4),
17
where v ∈ R 3 and v 1 ≥ 0. Given v, this amounts to computing the set of all
22
In order to derive the coefficients α i , i = 1, . . . , n, of (5), we will construct 23 a superadditive subset Ω of the lifting set Φ 0 per Proposition 6. Recall that 24 lifting coefficients F i must satisfy F i t ∈ Ω(A i t) for t ∈ {0, 1}. Because in 25 this case,
27 it is sufficient to concentrate on the first component of the lifting set. Hence,
28
the lifting set is then Φ 0 (v 1 , 0, 0) = λ(v 1 ) − Q 3 , where 
which holds if and only if
It follows from these conditions that λ(v 1 ) is a polyhedral set. We now 
Therefore, we have we define for (4).
Finally, we compute lifting "matrices" F i by letting F i ∈ Ω(A i ). Recalling 29 (7), we find the strongest inequalities (5) based on Ω, by picking extreme
. . , n.
32
Observe that the superadditive conic lifting inequality (5) is not unique; 
5
Let us consider lifting the special case of inequality (4)
which is valid for the restriction
Then, by choosing α i = −1 or 0 for i = 1, . . . , n, we obtain exponentially 10 many superadditive conic lifting inequalities
12
Observe that for each set T inequality (9) supports conv(S) at points (x, y, t): 
Lifting for linear mixed-integer programming

24
Here we show that lifting linear valid inequalities for linear mixed-integer 25 programs is a direct consequence of conic lifting. Let the cone C = R m + , so
28
With K = R + , we have the inequality F 0 x 0 ≤ h valid for S 0 (b), where 29 h ∈ R, F 0 is a 1 × n 0 row vector. In this case, the lifting set is given by 
